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1. Introduction
In modern geometry one of the most interesting research topics are on contact and paracon-
tact geometry. If we look at the recent developments in these topics, there is an impression
that geometers are more concentrated in the study of nullity distribution on contact and
paracontact manifolds by emphasizing similarities and differences between them. The study
of paracontact geometry was triggered by Kaneyuki and Kozai [4]. An efficient contribution
to this geometry was given by Zamkovoy [7], Kaneyuki [5], Alekseevsky et al. [1], etc. A sig-
nificant subclass of paracontact metric manifold like para-Sasakian manifold was introduced
by Zamkovoy [7]. A normal paracontact metric manifold is called a para-Sasakian manifold
1 corresponding author.
1
2and which implies a K-paracontact condition and the converse holds only in dimension 3. In
any para-Sasakian manifold
R(X, Y )ξ = −{η(Y )X − η(X)Y }, (1.1)
holds. Some of differences between contact and paracontact cases are: Unlike in con-
tact metric geometry the condition (1.1) does not imply that the paracontact manifold
is paraSasakian. Another important difference between them is due to the non-positive
definiteness of the metric.
The nullity distribution on paracontact manifolds was introduced by Montano et al.[3].
Molina and his co-author [[6], [8]] obtained some examples and classification theorems on
paracontact metric (k, µ)-spaces. The main difference between contact metric (k˜, µ˜)-spaces
and paracontact metric (k, µ)-spaces is that, the constant k˜ cannot be greater than 1 incase
of contact metric (k˜, µ˜)-spaces but, no restrictions for constants k and µ incase of paracontact
metric (k, µ)-spaces.
After introducing torse forming vector fields by Yano [10], most of the geometers studied
these on different manifolds with different curvature restrictions because of their applications
in many branches of physics.
With this background, in this article we study some curvature properties ofN(k)-paracontact
metric manifolds. The paper is organized as follows: After preliminaries in Section 2, we
proved that a torse forming vector field in a 3-dimensional N(k)-paracontact metric man-
ifold M3 is a concircular vector field. In the next section we have shown that a non-flat
N(k)-paracontact metric manifold is a proper pseudo-symmetric manifold then the mani-
fold is a pseudo-symmetric manifold of constant type. Section 5 deals with the study of
Ricci generalized pseudo-symmetric N(k)-paracontact metric manifolds. We prove that in a
generalized Ricci recurrent N(k)-paracontact metric manifold M, the associated 1-forms are
linearly dependent and the vector fields of the associated 1-forms are of opposite direction
in section 6. In section 7, we constructed an example to verify our some of the results.
32. Preliminaries
A smooth manifold M2n+1 is said to have an almost paracontact structure if it admits a
(1, 1)-tensor field φ, a vector field ξ and a 1-form η satisfying following conditions [5]:
φ2 = I − η ⊗ ξ, η(ξ) = 1, φξ = 0, η ◦ φ = 0. (2.1)
A pseudo-Riemannian metric g with almost paracontact structure (φ, ξ, η) such that,
g(φX, φY ) = −g(X, Y ) + η(X)η(Y ), g(X, ξ) = η(X), g(φX, Y ) = −g(X, φY ), (2.2)
then the structure (φ, ξ, η, g) on M2n+1 is said be almost paracontact metric structure. A
manifold M2n+1 together with this almost paracontact metric structure is called an almost
paracontact metric manifold and it is denoted byM2n+1(φ, ξ, η, g). For an almost paracontact
metric manifold, there always exists a φ-basis.
A paracontact metric (k, µ)-manifold [9] is a paracontact metric manifold for which the
curvature tensor field satisfies
R(X, Y )ξ = k{η(Y )X − η(X)Y }+ µ{η(Y )hX − η(X)hY },
for all X, Y ∈ TM, where k, µ ∈ R. Here 2h is the Lie derivative of φ in the direction of ξ.
Moreover, a symmetric, trace-free (1, 1)-tensor field h satisfies.
hξ = 0, hφ+ φh = 0, ∇Xξ = −φX + φhX. (2.3)
Furthermore, h = 0 is proportionate to, ξ being killing and in such cases we callM2n+1(φ, ξ, η, g)
as a K-paracontact manifold.
If µ = 0, the (k, µ)-paracontact metric manifold reduces to N(k)-paracontact metric man-
ifold. Thus, for an N(k)-paracontact metric manifold we have
R(X, Y )ξ = k{η(Y )X − η(X)Y }, (2.4)
k being a constant.
4In a N(k)-paracontact metric manifold, following relations hold [16]:
h2 = (1 + k)φ2, (2.5)
(∇Xη)(Y ) = g(X, φY )− g(hX, φY ), (2.6)
R(ξ,X)Y = k{g(X, Y )ξ − η(Y )X}, (2.7)
S(X, ξ) = 2nkη(X). (2.8)
3. Torse forming vector field on 3-dimensional N(k)-paracontact metric
manifolds
Definition 3.1. On a pseudo-Riemannian manifold, if covariant derivative of a vector field
υ satisfies
(∇Xω)(Y ) = ρg(X, Y ) + β(X)ω(Y ), (3.1)
then υ is called as torse forming vector field. Here, υ is defined as g(X, υ) = ω(X) for any
vector field X, ρ is a non-zero scalar and β is a non-zero 1-form.
Let us consider a N(k)-paracontact metric manifold M admitting a unit torse forming
vector field υ˜ corresponding to the non-null torse forming vector field υ. Hence if T (X) =
g(X, υ˜), then we have
T (X) =
ω(X)√
ω(υ)
. (3.2)
From (3.1) and (3.2), we get
(∇XT )(Y ) = λg(X, Y ) + β(X)T (Y ), (3.3)
where λ = ρ√
ω(υ)
Since υ˜ is a unit vector field,
a) β(X) = −λT (X) b) (∇XT )(Y ) = λ[g(X, Y )− T (X)T (Y )], (3.4)
5which implies that the 1-form T is closed. Now differentiating (3.4)(b) covariantly and using
the Ricci identity, we obtain
T (R(X, Y )Z) = (Y λ)[g(X,Z)− T (X)T (Z)]− (Xλ)[g(Y, Z)− T (Y )T (Z)]
+λ2[g(X,Z)T (Y )− g(Y, Z)T (X)]. (3.5)
Replace Z by ξ and then using (2.4) and T (ξ) = η(υ˜)
(k + λ2){η(Y )T (X)− η(X)T (Y )}+ [X(λ)η(Y )− Y (λ)η(X)]
+η(υ˜){Y (λ)T (X)−X(λ)T (Y )} = 0. (3.6)
Put X by υ˜ in (3.6) and using T (υ˜) = 1 we get
(k + λ2 + υ˜(λ)){η(Y )− η(υ˜)T (Y )} = 0, (3.7)
which gives either
k + λ2 + υ˜(λ) = 0 (3.8)
or η(Y )− η(υ˜)T (Y ) = 0. (3.9)
Suppose equation (3.9) (i.e., equation (3.8) not holds) holds. Putting X = ξ in (3.9), we
have η(υ˜) = ±1. This implies that
η(X) = ± T (X). (3.10)
From (2.3), (3.4) and (3.10), we get λ = ±p(a constant). Hence the vector field υ˜ is concir-
cular.
Now, suppose equation (3.8) (i.e., equation (3.9) not holds) holds. Putting X = ξ and
then contraction of (3.5) gives
ξ(λ) = υ˜(λ)η(υ˜). (3.11)
6Putting Y = ξ in (3.6), we get
X(λ) = −(k + λ2)T (X). (3.12)
Using (3.2)(a) and the above equation, one can get
Y (β(X)) = (k + λ2)T (X)T (Y )− λY (T (X)), (3.13)
X(β(Y )) = (k + λ2)T (X)T (Y )− λX(T (Y )). (3.14)
From (3.13) and (3.14), we have
β[X, Y ] = −λT [X, Y ], dβ[X, Y ] = −λ[(dT )(X, Y )]. (3.15)
Since T is closed, β is also closed which implies the vector field υ˜ is concircular. Thus we
have
Theorem 3.1. A torse forming vector field in a 3-dimensional N(k)-paracontact metric
manifold M3 is a concircular vector field.
4. Pseudo-symmertic N(k)-paracontact metric manifolds
The curvature tensor R satisfies the condition
R(X, Y ) · I = LI [(X ∧g Y ) · I], (4.1)
at every point of the Riemannian manifold then the manifold M is called pseudo-symmetric
(resp., Ricci-pseudo-symmetric) manifold when I = R(resp., S). Here (X ∧g Y ) is an endo-
morphism and is defined by
(X ∧g Y )Z = g(Y, Z)X − g(X,Z)Y, (4.2)
and LI is some function on UI = {x ∈ M : I 6= 0} at x. In particular, if LR is constant
then M is called a pseudo-symmetric manifold of constant type [11].
7Theorem 4.2. If a non-flat (2n + 1)-dimensional N(k)-paracontact metric manifold M is
a proper pseudo-symmetric manifold then the manifold is a pseudo-symmetric manifold of
constant type.
Proof. If M is a Desczc type pseudo-symmetric then from (2.7) and (4.2), one can easily
obtain that R(ξ,X) ·R = k{(ξ ∧X) ·R}, which specifies that the pseudo-symmetry function
LR = k (a constant). Hence, the manifold M is a pseudo-symmetric manifold of constant
type. This completes the proof. 
5. Ricci generalized pseudo-symmetric N(k)-paracontact metric manifolds
If Ricci curvature tensor S holds
R(X, Y ) · R = L[(X ∧S Y ) · R], (5.1)
at every point of the Riemannian manifold then the manifold M is called Ricci generalized
pseudo-symmetric manifold. Where (X ∧S Y )Z is given by
(X ∧S Y )Z = S(Y, Z)X − S(X,Z)Y, (5.2)
and L is some function.
Theorem 5.3. A non-flat (2n + 1)-dimensional N(k)-paracontact metric manifold M holds
R(ξ,X)·R = L{(ξ∧SX)·R} then M is either semi-symmetric or k = 0 or Einstein manifold.
Proof. Assume that M satisfies g((R(ξ,X) ·R(Y, Z)W ), ξ) = L(g(((ξ ∧SX) ·R)(Y, Z)W ), ξ).
Then we have
g(R(ξ,X)R(Y, Z)W, ξ)− g(R(R(ξ,X)Y, Z)W, ξ)− g(R(Y,R(ξ,X)Z)W, ξ)
−g(R(Y, Z)R(ξ,X)W, ξ) = g((ξ ∧S X)R(Y, Z)W, ξ)− g(R((ξ ∧S X)Y, Z)W, ξ)
−g(R(Y, (ξ ∧S X)Z)W, ξ)− g(R(Y, Z)(ξ ∧S X)W, ξ). (5.3)
8Using (2.7), (2.8) and (5.2), we get
Lk{2nkg(X,Z)− S(X,Z)} = 0. (5.4)
Hence the proof

6. Generalized Ricci recurrent N(k)-paracontact metric manifolds
Definition 6.2. A N(k)-paracontact metric manifold M is said to be generalized Ricci re-
current if its non vanishing Ricci tensor S satisfies the condition
(∇XS)(Y, Z) = A(X)S(Y, Z) +B(X)g(Y, Z), (6.1)
where A and B are two non-zero 1-forms such that A(X) = g(X, ζ1) and B(X) = g(X, ζ2),
ζ1 and ζ2 being the associated vector fields of the 1-forms.
From the preliminaries of N(k)-paracontact metric manifold, one can easily get
(∇XS)(Y, ξ) = 2nk{g(X, φY )− g(hX, φY ) + S(Y, φX)− S(Y, φhX). (6.2)
Taking Z = ξ in (6.1) and using (6.2), we have
2nk{g(X, φY )− g(hX, φY ) + S(Y, φX)− S(Y, φhX) = {2nkA(X) +B(X)}η(Y ). (6.3)
On substituting Y by ξ in the above equation, one can obtain
2nkA(X) +B(X) = 0. (6.4)
Thus we have:
Theorem 6.4. In a generalized Ricci recurrent N(k)-paracontact metric manifold M the
associated 1-forms are linearly dependent and the vector fields of the associated 1-forms are
of opposite direction.
97. Examples
In this section we show that the existence of generalized Ricci recurrent 3-dimensional
N(k)-paracontact metric manifold, which verifies the result of section 6. We consider a 3-
dimensional manifold M = {(x, y, z) ∈ R3, (x, y, z) 6= 0}, where (x, y, z) are the standard
coordinate in R3. Let e1, e2, e3 be three linearly independent vector fields in M which
satisfies
e1 =
∂
∂x
+ z
∂
∂y
− 2y ∂
∂z
, e2 =
∂
∂y
, e3 =
∂
∂z
.
We define the pseudo-Riemannian metric g as follows g(e1, e2) = g(e3, e3) = 1 and
g(ei, ej) = 0, otherwise. We obtain
[e1, e2] = 2e3, [e1, e3] = −e2, [e2, e3] = 0.
We consider η = 2ydx+dz and satisfying η(e1) = 0 = η(e2), η(e3) = 1. Let φ be the (1, 1)-
tensor field defined by φ(e1) = e1, φ(e2) = −e2, φ(e3) = 0. Then we have dη(e1, e2) =
g(e1, φe2), dη(e1, e3) = g(e1, φe3) and dη(e2, e3) = g(e2, φe3)
Thus for e3 = ξ, the structure (φ, ξ, η, g) is a paracontact metric structure on M with
hei =


e2 for i = 1
0 for i = 2, 3
Using Koszul’s formula, we can easily calculate


∇E1E1 ∇E1E2 ∇E1E3
∇E2E1 ∇E2E2 ∇E2E3
∇E3E1 ∇E3E2 ∇E3E3

 =


e3 e3 −e1 − e2
−e3 0 e2
−e1 e2 0

 .
So, above relations tells us that the manifold satisfies the equation (2.3) for any vector
field X in χ(M) and ξ = e3. Hence the manifold is a paracontact metric manifold.
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Using the above relations it can be verified that
R(e1, e2)e3 = 0, R(e2, e3)e3 = −e2, R(e1, e3)e3 = 2e2 − e1,
R(e1, e2)e2 = −3e2, R(e2, e3)e2 = 0, R(e1, e3)e2 = e3,
R(e1, e2)e1 = 3e1, R(e2, e3)e1 = e3, R(e1, e3)e1 = −2e3.
In view of the expressions of the curvature tensors we conclude that the manifold is a
N(k)-paracontact metric manifold with k = −1.
Using this, we find the values of the Ricci tensor as follows
S(e1, e1) = −1, S(e2, e2) = −3, S(e3, e3) = 2.
Since {e1, e2, e3} forms a basis of M3, any vector fields X, Y ∈ χ(M) can be written as
X = a1e1+ b1e2+ c1e3 and Y = a2e1+ b2e2+ c2e3, where ai, bi, ci ∈ R+ (the set of all positive
real numbers), i = 1, 2. This implies that
S(X, Y ) = −a1b1 − 3a2b2 + 2a3b3 and g(X, Y ) = a1b2 + a3b3.
By virtue of above, we have the following:
(∇e1S)(X, Y ) = −{3(a3b1 + a1b3) + 5(a3b2 + a2b3)},
(∇e2S)(X, Y ) = 2(a1b3 + a3b1) + 3(a3b2 + a2b3),
(∇e3S)(X, Y ) = −(2a1b1 − 6a2b2).
This means that manifold under the consideration is not Ricci symmetric. Let us now
consider the 1-forms
A(e1) =
{3(a3b1 + a1b3) + 5(a3b2 + a2b3)}
a1b1 + 3a2b2 + 2a1b2
, B(e1) = −2{3(a3b1 + a1b3) + 5(a3b2 + a2b3)}
a1b1 + 3a2b2 + 2a1b2
,
A(e2) =
{2(a1b3 + a3b1) + 3(a3b2 + a2b3)}
a1b1 + 3a2b2 + 2a1b2
, B(e2) = −2{2(a1b3 + a3b1) + 3(a3b2 + a2b3)}
a1b1 + 3a2b2 + 2a1b2
,
A(e3) =
{(2a1b1 − 6a2b2))}
a1b1 + 3a2b2 + 2a1b2
, B(e3) = −2 {(2a1b1 − 6a2b2))}
a1b1 + 3a2b2 + 2a1b2
,
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at any point X ∈M . From (6.1) we have
(∇eiS)(Y, Z) = A(ei)S(Y, Z) + 3B(ei)g(Y, Z), i = 1, 2, 3. (7.1)
It can be easily shown that the manifold with the above 1-forms satisfies the relation (7.1).
Hence the manifold under consideration is a generalized Ricci recurrent N(k)-paracontact
metric manifold. Also with the help of these 1-forms we can easily verify the theorem 6.4
for three dimensional case.
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